We report on a type of scaling behavior in quasiperiodically forced systems. On the parameter plane the critical point appears as a terminal point of the tori-collision bifurcation curve; its location is found numerically with high precision for two basic models, the forced supercritical circle map and the forced quadratic map. The hypothesis of universality, based on renormalization group arguments, is advanced to explain the observed scaling properties for the critical attractor and for the parameter plane arrangement in the neighborhood of the criticality.
I. INTRODUCTION
Transition to chaos via quasiperiodicity is one of the most common scenarios of the onset of temporal disorder in dynamical systems. One rather convenient way to study subtle details of such a transition is to use quasiperiodically forced systems: in these models the frequency ratio appears as an independent parameter, and can be effectively controlled both in numerics and in experiments. It has been discovered that in quasiperiodically forced systems the transition from order to chaos is typically mediated by strange nonchaotic attractors ͑SNAs͒. The term strange refers to the geometrical structure of the attractors, while the term nonchaotic indicates absence of sensitivity of the dynamics to initial conditions ͑all Lyapunov exponents of SNA's are nonpositive͒. Nevertheless, trajectories on SNAs possess high sensitivity with respect to the phase of the quasiperiodic force, and due to this property the set of trajectories appears to be a fractal object rather than a smooth torus. The SNAs were first described by Grebogi et al. ͓1͔ and since then have been extensively studied numerically ͓2-17͔ and experimentally ͓18-20͔. Moreover, SNAs have been shown to be relevant in the analysis of the Schrödinger equation with a quasiperiodic potential ͓2,21͔.
Recently, the approach based on the concepts of scaling and the renormalization group ͑RG͒, which has been proved to be extremely fruitful for understanding transitions to chaos, has been applied to the problem of the onset of a SNA. Two situations have been analyzed with this approach. The first, the so called blow-out transition to the SNA, was reported in ͓22͔. The second case relates to the terminal point of the torus-doubling bifurcation curve, the TDT point, where the regions of torus, double torus, SNA, and chaos meet together in the parameter plane ͓13͔.
In this paper we study the dynamics associated with the terminal point of the bifurcation line, where a stable torus collides with an unstable one. We call it the TCT point ͑tori-collision terminal point͒. At this point the bifurcation lines of smooth ͓23͔ and fractal ͓12͔ torus collisions meet together; the attractor at this point is a fractal. Our main tool is the renormalization group. In particular, it provides universal constants describing the scaling properties of phase space and parameter space associated with the TCT point.
The paper is organized as follows. In Sec. II we discuss the phenomenology of tori collision in quasiperiodically forced systems and outline the topography of the parameter plane. A method based on rational approximations to the frequency of driving allows us to find the TCT point with high accuracy. In Sec. III we formulate the renormalization group approach and study the fixed point of the RG transformation. The universal scaling properties of the dynamics, which follow from the RG analysis, are derived and confirmed numerically in Secs. IV and V.
II. TCT CRITICAL POINT IN QUASIPERIODICALLY FORCED MAPS
In this section we introduce model maps to be studied and describe the critical situation, which we call the TCT point. First, we discuss two cases of torus-torus collision, namely, the smooth and the fractal collision, and demonstrate that the corresponding bifurcation lines meet at the TCT point. Next, we describe a method to determine this point, which is based on rational approximations to the frequency of the quasiperiodic force.
A. Smooth and fractal tori collisions
As the first example we consider a quasiperiodically forced circle map x nϩ1 ϭx n ϩbϪ K 2 sin͓2͑x n ϩc ͔͒ ϩ⑀ sin͑2y n ͒ ͑ mod 1 ͒, ͑1͒ y nϩ1 ϭy n ϩ ͑ mod 1 ͒.
The dynamical variable x is defined on the circle 0рxϽ1. The variable y describes the phase of the external force; it also varies from 0 to 1. The parameters K and b are the usual parameters of the circle map, while the amplitude ⑀ and the frequency characterize the forcing: rational frequencies correspond to periodic, and irrational to quasiperiodic driving. In this paper we fix the frequency to be equal to the inverse golden mean ϭ(ͱ5Ϫ1)/2.
We intend to consider here only the supercritical circle map, KϾ1. In this case the map as a function of x is irreversible and nonmonotonic, i.e., it has maxima and minima. For a given K it is convenient to set c ϭarctan(ͱK 2 Ϫ1)/2 to place the minimum of the map exactly at xϭ0. We take an arbitrarily fixed value of Kϭ2.5 ͑see the discussion below of the role of this parameter͒ and present the numerically obtained chart of the parameter plane (b,⑀) in Fig. 1 . The regions of different dynamical regimes are shown in gray scale. The phase plane portraits at representative points marked by crosses illustrate different dynamical regimes ͑Fig. 2͒.
To understand in more detail the arrangement of the parameter plane let us start with the vanishing amplitude of the external force ⑀ϭ0. One can easily find a value of b for which the map ͑1͒ has a stable and an unstable fixed point in the region where dx nϩ1 /dx n Ͼ0; see Fig. 3 . With increasing b these fixed points come closer to one another; finally, they collide ͑the multiplier of the fixed point becomes equal to 1) and then disappear. The moment of collision corresponds to the tangent, or saddle-node, bifurcation ͓24͔. After that, in the region where the former fixed points were located, a narrow channel remains, which the dynamical variable x passes very slowly. In the context of the transition to chaos, the motion in the channel is a laminar phase of type-I intermittency; reinjection of the trajectories after passage through the channel corresponds to one rotation of x around the circle.
If the external force is turned on, then ⑀ 0, and instead of a stable fixed point we obtain an attractor, represented by a smooth closed invariant curve; its size grows with the amplitude of the force. In the context of continuous-time dynamical systems, this invariant curve may be thought of as a cross section of a two-dimensional torus; it is common usage to term such an attractor a torus. Note that an unstable torus exists nearby, emerged from the unstable fixed point. With increasing b, one observes a similar transition as described above, but for the tori rather than for the fixed points. That is, the two tori, one stable and the other unstable, come close, meet, and disappear ͑see Fig. 3͒ . This is the case of a smooth tori collision. At the bifurcation point the stable and unstable tori coincide and form a single semistable torus. This is the situation at the instability threshold, and the Lyapunov exponent at this moment is zero ͑see ͓23͔ for details͒. This bifurcation occurs at some bifurcation curve in the parameter plane (b,⑀) ͑Fig. 1͒. Beyond the bifurcation an intermittent regime appears, which may be regarded as a version of type-I intermittency modified by quasiperiodic driving. In Fig. 2 this transition is illustrated by panels I and II.
If we start from the tangent bifurcation in the unforced system, and increase ⑀ following the line of the smooth tori collision, we observe that the semistable torus grows in size with the forcing amplitude ͑Fig. 4͒. Finally, at bϷ0.38, ⑀ Ϸ0.13, this torus touches the line xϭ0, and this is what we call the tori-collision terminal critical point. As mentioned, at the bifurcation line of the smooth tori collision the torus has zero Lyapunov exponent; the same is true at the TCT point. However, at the moment of touching the line xϭ0 one trajectory on the torus becomes superstable and has a Lyapunov exponent equal to minus infinity. Moreover, this superstable trajectory must be dense on the critical torus because of the quasiperiodic nature of the dynamics. Such a combination of properties-a threshold of instability for the invariant set as a whole, and the presence of one superstable trajectory-means that the critical torus has to be a fractal.
There is another bifurcation line of tori collision in the diagram of Fig. 1 , which cannot be followed down to ⑀ϭ0. On this line the stable and unstable invariant curves touch, but do not coincide. This means that at least one of the curves must be nonsmooth, corresponding to a fractal torus. As shown in Ref. ͓12͔ , such a bifurcation gives rise to a strange nonchaotic attractor. In Fig. 2 this transition is illustrated by panels III-VI.
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From Fig. 1 one can see that both the bifurcation lines of smooth and fractal tori collisions meet at the TCT critical point. Hence, this point is of most importance for understanding the dynamics of the system because all relevant regimes and transitions are present in the neighborhood of this point.
We argue that the properties of dynamics at the TCT point 1 To distinguish the SNA domains we used a numerical technique based on the phase sensitivity exponent ͓11͔. Because of the finite resolution of this technique, we cannot exclude the possibility that fractalization of the stable torus occurs, not before, but just at the moment of the tori collision. If this is the case, then the region marked as SNA-1 in Fig. 1 is occupied in fact by the regimes of smooth tori. To solve this problem, a special theoretical and numerical study is needed, which is beyond the scope of the present work.
FIG. 2. Illustration of smooth
and fractal tori collisions. The numbers on the panels correspond to the points marked in the bifurcation diagram Fig. 1 . In I, III, and IV the stable and the unstable tori are shown with bold dots and dashed line, respectively. The transition I→II is the smooth tori collision. The transition III→IV →V→VI is a fractal tori collision. Near the collision ͑panel IV͒ the stable torus is very rumpled. The regimes V and VI differ in Lyapunov exponent; it is negative for V ͑thus it is a SNA͒ and positive for VI.
are universal. Indeed, if we go along the line of smooth tori collision, the TCT point is that where the attractor touches the singular point of zero derivative. Thus, it is essential that this singularity should be a quadratic extremum. One might expect ͑and this expectation will be confirmed by the renormalization group analysis below͒ that any one-dimensional map having a quadratic extremum and demonstrating a tangent bifurcation will exhibit at some point of the parameter space the same kind of criticality under golden-mean quasiperiodic driving. In particular, for the circle map one can try other supercritical values of the parameter K. For each K Ͼ1 a TCT criticality may be found at some definite b and ⑀. In other words, there exists a ͑presumably smooth͒ TCT curve in the three-dimensional parameter space (K,b,⑀). However, the situation will be distinct if the singularity of the map is not quadratic. For example, for Kϭ1 the circle map has a cubic inflection point, and the nature of critical behavior becomes different; this case will be discussed elsewhere. The situation becomes yet more unclear when the singular point disappears ͑for KϽ1); we plan to study this case in the future.
To support the argument that the existence of the TCT critical point is rather a general property of forced noninvertible maps with a quadratic extremum, we present one more example, a quadratic ͑logistic͒ map under quasiperiodic forcing:
For vanishing amplitude of the external force ⑀ϭ0 and small b, this map possesses a stable and an unstable fixed point. At some value of bϾ0 they collide and disappear via the tangent bifurcation.
If external force is present (⑀ 0), we have a stable and an unstable torus that collide at some b. On increasing the amplitude of the external force and going along the bifurcation curve, we finally reach the situation where the closed invariant curve at the threshold of the torus-collision bifurcation touches the line xϭ0. This is the TCT point-the critical point of the same nature as has been described for the circle map. As will be shown below, the critical behavior of both our models belongs to the same universality class. The disadvantage of the quadratic map in comparison to the circle map is that instead of the transition to chaos via intermittency we observe a divergence of the iterations to infinity. So the dynamics is not as rich as for the circle map; in particular, the intermittent regimes do not occur because there is no reinjection mechanism here.
B. Rational approximations to the TCT point
In order to find the critical point with high accuracy we use rational approximations to the frequency . In our case of the reciprocal golden mean, these approximants are the ratios of the Fibonacci numbers:
If we apply a rational frequency k , then, instead of the torus, we will have a cycle of period F k . On increasing the control parameter b we expect to see a tangent bifurcation of this cycle at some parameter value that gives an approximation to the torus-collision bifurcation.
It is worth stressing here that for a rational frequency k the bifurcation point depends on the initial phase y 0 of the external force. Thus, there is a whole interval of parameters between the first and the last bifurcation points. However, in the situation of smooth tori collision, this bifurcation interval tends to zero as the order of the rational approximants grows (k→ϱ); cf. ͓23͔. Hence, asymptotically there is no dependence on the initial phase; this is the reason why we can speak of the smooth bifurcation of the tori. Certainly, this is the case for small amplitudes ⑀. In numerical computations, by gradually increasing the amplitude, we can trace this bifurcation up to larger amplitudes of the force.
According to our definition of the TCT point, the invariant curve corresponding to the terminal point of the toruscollision bifurcation must touch the line xϭ0. Let us formulate the conditions for this in terms of the rational approximants. For a given rational frequency k ϭF kϪ1 /F k we have to find the appropriate values of bϭb k and ⑀ϭ⑀ k to satisfy the following conditions. ͑1͒ For some initial phase y 0 ϭu k there exists a period-F k cycle starting from xϭ0, and the derivative dx/dy 0 vanishes. This means that the locus of periodic points for different phases of the external force-the closed curve approximating the invariant curve for irrational -touches the line xϭ0.
͑2͒ The maximal multiplier reached at some other initial phase y 0 ϭv k is equal to 1: for this phase the period-F k cycle is precisely at the threshold of the tangent bifurcation. This condition means that the periodic orbit, which is stable before the bifurcation, just meets its unstable partner.
The data from our computations are summarized in Table  I . Note the evident convergence of the points (⑀ k ,b k ) to a definite limit. Estimating this limit, we get the coordinates of the TCT point (⑀ c ,b c ) for the map ͑1͒. ͑This estimate will be essentially improved in the next section.͒ As a by-product, we obtain the limit values for the phases u k and v k : u c ϭlim k→ϱ u k ϭlim k→ϱ v k .
It is worth explaining why we discuss the TCT point in the context of strange nonchaotic dynamics. Let us take a rational approximant k and the corresponding point from Table I . Then we have simultaneously ͑i͒ a superstable cycle for one phase of the external force and ͑ii͒ a cycle at the tangent bifurcation threshold for another phase. This means that with an infinitesimal shift of the parameters b,⑀ we can face a situation where the cycle remains stable at one phase and becomes unstable at another one. Hence, changing the phase of the external force leads to a bifurcation. According to the criterion for the presence of a SNA suggested in Ref. ͓11͔ , we conclude that an arbitrarily small shift of parameters from the TCT point may ensure appearance of a SNA.
Using the rational approximants for the frequency of the external force, we can find the TCT point for the logistic map ͑2͒ also. In Table II we present the corresponding numerical data. Again we observe a convergence of the points (⑀ k ,b k ) to a definite limit (⑀ c ,b c ), which is the TCT point for the quadratic map. We also obtain the limit for the phases u k and v k .
III. RENORMALIZATION GROUP EQUATION AND HYPOTHESIS OF UNIVERSALITY
In the case of the golden-mean frequency, which is of interest here, the main idea of the renormalization group ap- proach is to consider a sequence of evolution operators at Fibonacci numbers of iterations ͓25-27,22,13͔. Suppose that precisely at the critical TCT point we produce F k iterations for one of our model maps ͑1͒ or ͑2͒ and write the result as
In our derivation of the RG equation we will suppose that the extremum point of map f is xϭ0, and the origin for variable y is placed at the point u c . According to the definition of the Fibonacci numbers, we can represent the evolution over F kϩ2 ϭF kϩ1 ϩF k iterations as a result of two subsequent steps, containing F kϩ1 and F k iterations respectively. Thus, we can write ͓13͔
To find the new function f kϩ2 we need to use two previous functions, f k and f kϩ1 . This may be reformulated in terms of functional pairs: To find a new pair ͓ f kϩ1 (x,y), kϩ1 (x,y) ϭ f kϩ2 (x,y)͔ we need one previous functional pair ͓ f k (x,y), k (x,y)ϭ f kϩ1 (x,y)͔. Indeed, from our definition and from Eq. ͑5͒ it follows that
It is worth noting here that the second arguments of the functions f and are defined modulo 1, and due to the properties of the Fibonacci numbers, we have
Now, as in any procedure in renormalization group analysis, a scale change of the variables x and y should be implemented. We set xϭX/A k and yϭ (Ϫ) k Y ͑cf. ͓22,13͔͒. After this substitution the first equation ͑4͒ transforms to
and, if we wish to normalize the map in such a way that its value at the origin is 1, we have to set
Applying the variable change to both elements of the functional pair f k (x,y), k (x,y), we introduce the rescaled functions
Finally, we designate
and rewrite Eqs. ͑6͒ in terms of the renormalized functions g and G to obtain the following RG equations:
We can calculate the terms of the functional sequence g k (X,Y ),G k (X,Y ) by virtue of straightforward iterations of the original maps at the critical point. Given a Fibonacci number F k , we first set the initial condition x 0 ϭ0, y 0 ϭu c and iterate the mapping ͑2͒ F k times. The resulting x F k is used to obtain the normalization factor A k ϭ1/x F k . Then, to find g k (X,Y ) for some particular values of arguments, we again iterate the map ͑2͒, but with initial conditions x 0 ϭX/A k and y 0 ϭu c ϩY (Ϫ) k . After F k iterations we get
and after F kϩ1 iterations
Numerical results show that at the TCT point the functions obtained for high-order Fibonacci numbers tend to a definite limit. In Fig. 5 we present an illustration for the quadratic map: For randomly chosen points (X,Y ) the values of g k (X,Y ) have been calculated and plotted. This has been done for several Fibonacci numbers, namely, 144, 233, and 377. One can see that the points form a well defined surface in the space (X,Y ,g). The larger the Fibonacci numbers, the higher the precision of coincidence for g k and g kϩ1 . This observation leads to a conjecture that there exists a fixed point of the RG equation ͑10͒ in a properly chosen space of the functional pairs. Passing to the limit k→ϱ in the RG equation ͑10͒, we must have the same function in the left-and right-hand parts, so we get the fixed-point equation 
The fixed-point equation ͑15͒ is self-consistent: it does not contain any memory of the original map. Its smooth solution, having at the origin a quadratic extremum with respect to the first argument, must be in some sense universal. The conjectured universality is supported by the fact that both our models-the quadratic map and the circle mapyield the same limit function of Fig. 5 .
Being convinced of the existence of the fixed-point solution of the RG equation, we can develop a method that gives a possibility of essentially improving the accuracy of estimation of the parameter values corresponding to the TCT critical point. Let us take, for instance, the map ͑2͒. Instead of using the rational approximants we now fix ϭ(ͱ5Ϫ1)/2. Then we try to find an appropriate set of parameters (⑀ c ,b c ,u c ) , that gives coincident values of the scaling factors ␣ k at four subsequent levels. That is, starting iterations of Eq. ͑2͒ from xϭ0,yϭu c , we set
x F kϩ4 , and require ␣ k ϭ␣ kϩ1 ϭ␣ kϩ2 ϭ␣ kϩ3 . This yields three equations, from which the three unknown parameters (⑀ c ,b c ,u c ) can be found with the help of Newton's method. To construct the matrix of derivatives needed for this method, a set of mappings for derivatives x ⑀ ,x b ,x u is iterated together with the original map ͑2͒:
x ⑀,nϩ1 ϭ2x n x ⑀,n ϩsin͓2͑ y n ͔͒,
where the initial conditions are x ⑀,0 ϭ0, x b,0 ϭ0, and x u,0 ϭ0. Using the data of the last row of Table II as an initial guess, we have implemented the above scheme step by step for subsequent levels k to obtain a more and more precise location of the critical point. For Fibonacci numbers of order 10 5 the usual double-precision arithmetic becomes insufficient, and the calculations were performed in MATHEMATICA with 60-digit precision ͑up to the levels All our numerical results confirm the RG conjectures, in particular, the renormalization factor ␣ following from the calculations appears to be the same for both maps, namely,
␣Х1.711. ͑19͒
However, the convergence to the universal function ͑see Fig.  6͒ is rather slow. As we have found, the convergence is governed by two components decaying as k , with 1 Х0.945 and 2 ХϪ0.770.
2 This explains why we need to consider such deep levels k to be sure that the convergence to the fixed point of the RG equation indeed takes place. Also, this is the reason why the estimate ͑19͒ for ␣ is not very precise. To have firm support for the hypothesis of universality, it is desirable to have a direct numerical solution of the fixedpoint RG equation ͑15͒; this will provide high precision data for the universal function g(X,Y ) and for the factor ␣. One possible approach is to approximate the function by a finite polynomial containing odd and even powers of Y and even powers of X, and to search numerically for a set of coefficients of this polynomial satisfying Eq. ͑15͒ with the best possible accuracy. A straightforward realization of this idea appears not to be feasible, and we have used some tricks. First, we have selected a restricted domain of the definition for the function g in the (X,Y ) plane. The condition is that for any point (X,Y ) of this domain D the points (X/␣, ϪY ) and "␣ Ϫ1 g(X/␣,ϪY ), 2 Y ϩ… ͓see the righthand part of Eq. ͑15͔͒ belong to D. As we have the approximate data for the function g ͑see Fig. 5͒ , we can check that the domain D: ͕Ϫ0.1ϩ0.9yϽ͉x͉Ͻ0.1ϩ0.9y,ϪϽyϽ1͖ ͑20͒ is appropriate. For the representation of the function in D we applied an expansion in orthogonal Chebyshev polynomials and constructed a Newtonian scheme to calculate the coefficients of this expansion. As initial guess we used the function obtained numerically from iterations of the quadratic map at the estimated TCT point. As our final result, the solution of Eq. ͑15͒ was found with precision of order 10 Ϫ7 . The scaling constant obtained in this way is ␣ϭ1.710 960 5, ͑21͒
in good agreement with the previously mentioned numerical estimate ͑19͒.
IV. SCALING PROPERTIES OF THE DYNAMICS AT THE TCT POINT
In Fig. 4 one can observe that the attractor at the TCT critical point is represented by a nonsmooth fractal-like curve. We call it the critical torus. In this section we discuss briefly the consequences of the RG analysis for the dynamics exactly at the critical point.
Let us consider a plot of the critical attractor in the coordinates (x,y). If we rescale the variables x and yϪu c by factors ␣ and ␤ϭϪ1/, respectively, then the dynamics is expected to remain the same ͑except for the rescaling of time by the factor 1/). Hence, the curve must remain invariant under this transformation. Figure 7 demonstrates that this is indeed the case: The picture inside the selected box reproduces itself under subsequent magnifications ͑with inversion in respect to y, due to the negative factor of the scaling͒. This scaling property near the origin implies that the critical curve behaves as xϳ͉y͉ ␥ with the exponent ␥ϭlog ␣/log ␤ ϭ1.117. The power ␥ is close to 1, so visually the curve looks as if it is broken at the point of singularity. In fact, ␥ Ͼ1, and this means that the singularity is weak: the invariant curve, apparently, remains differentiable, but not twice differentiable. Due to ergodicity ensured by irrationality of the frequency, the weak singularity at the origin implies the existence of a dense set of singularities of the same type over the whole invariant curve.
In Fig. 8͑a͒ the Fourier spectrum is shown for the time series generated by motion on the critical attractor. It is drawn in the commonly used form, with a linear scale for the frequency and a logarithmic scale for the amplitude. This picture may be directly compared with possible experimental results. In Fig. 8͑b͒, rithmic scale: it reveals the self-similar structure of the spectrum. The envelope of the family of spectral lines has a slope Ϸ3.0, in contrast to the case of the known spectrum at the golden-mean winding number in the critical circle map without external force, where the slope constant is 2. Note that for the TDT critical point ͓13͔ the slope is close to 4. In Fig.  8͑c͒ we present the spectrum of the function x(y), which describes the form of the invariant curve in Fig. 7 . The powerlike decrease of the spectral amplitudes illustrates again the fractal-like nature of the critical attractor.
V. SCALING PROPERTIES OF THE PARAMETER SPACE NEAR THE TCT CRITICAL POINT

A. Linearization of the RG equation and estimation of the relevant eigenvalues
In terms of the RG approach, the investigation of a neighborhood of the TCT critical point in the parameter space is associated with small perturbations of the fixed-point solution of the functional equation ͑10͒. To simplify the analysis we use a little trick: Instead of the level-dependent factors ␣ k we substitute into Eq. ͑10͒ the fixed value ␣ϭlim ␣ k . Certainly, the fixed point of the modified equation remains the same. Next, we set
where g(X,Y ) and G(X,Y ) correspond to the fixed point and satisfy Eq. ͑13͒. The functions h and H describe a perturbation and are supposed to be small, and is an eigenvalue to be found. Substituting these expressions into our modified RG equation ͑10͒ and accounting for the first-order terms we obtain
ϩh"G͑X/␣,ϪY ͒…,
where gЈ denotes the derivative in the first argument. Because we have found the TCT point by tuning two free parameters, one should expect that there exist two relevant eigenvalues larger than 1, namely, ϭ␦ 1 and ϭ␦ 2 , where we suppose that ␦ 1 Ͼ␦ 2 . Then, asymptotically, the behavior of an infinitesimal perturbation will contain the two corresponding eigenvectors. The coefficients at these vectors depend on the parameters of the original map and vanish at the critical point. Thus, we can write
Now we can explain the procedure of calculation of the eigenvalues ␦ 1 and ␦ 2 from the iterations of the original map, e.g., quadratic map ͑2͒. Suppose we perform F k iterations in the vicinity of the TCT critical point ⑀Х⑀ c ,bХb c , starting from xϭ0,yϭu c . According to Eq. ͑24͒, in terms of the rescaled variable X the result will be
͑25͒
Thus, at subsequent Fibonacci numbers of the iterations, the original variable x will behave as where d 0 , d 1 , and d 2 are some combinations of the coefficients and constants. As we mentioned in the previous section, it is possible to compute the derivatives of the variable x with respect to the parameters by simultaneous iterations of the original map ͑2͒ together with Eqs. ͑16͒ at the critical point. According to Eq. ͑26͒, the derivatives will behave as
No matter which of these expressions we take, for large k the first term will dominate, and the value of ␦ 1 may be found from the ratio of subsequent terms,
To obtain ␦ 2 , we have to select properly the direction of the perturbation in the parameter plane (⑀,b) to exclude a contribution from the largest eigenvector. For this, we first calculate x ⑀,F N and x b,F N for the maximal Fibonacci number F N we can handle, and require x ⑀,F N ⌬⑀ϩx b,F N ⌬bϭ0. For F k smaller than F N the derivatives with respect to a value of the shift in the direction (⌬⑀,⌬b) should behave as x p,F k ϰ(␦ 2 /␣) k , and ␦ 2 can be estimated from the ratio of the terms for subsequent k. In practice, however, a technical difficulty arises here: the derivatives appear to be in a more complicated dependence on k because of the notable contribution from the third eigenvalue, associated with a shift of initial phase from the point u c . This is the trivial eigenvalue ␦ 3 ϭϪ(ͱ5ϩ1)/2, and it may be excluded by using a modified ratio, namely,
The calculations have been performed for the quadratic map and for the circle map. For both maps the results are in good agreement, yielding ␦ 1 Х3.65, ␦ 2 Х1.81.
͑30͒
To compute the constants ␦ 1 and ␦ 2 with higher accuracy, one can turn to a numerical solution of the eigenproblem ͑23͒. We used the Chebyshev polynomial expansion for the universal function g ͑see Sec. III͒, the corresponding representation for G ͓according to Eq. ͑13͒, G(X,Y ) ϭ␣ Ϫ1 g(␣X,ϪY /)͔, and analogous expansions for the functions h(X,Y ) and H(X,Y ). The relevant eigenvalues are found to be ␦ 1 ϭ3.600 810 . . . , ␦ 2 ϭ1.828 329 . . . ,
͑31͒
in reasonable agreement with the estimates ͑30͒.
B. Self-similarity on the plane of parameters
From the relation for the evolution operator ͑24͒ one can see that the parameter plane near the critical point possesses some properties of self-similarity, or scaling. Indeed, suppose we consider a dynamical regime at the point (⑀,b), which corresponds to some values of the coefficients C 1 ϭC 1 0 and C 2 ϭC 2 0 . If we find a point (⑀Ј,bЈ) such that the coefficients are equal to C 1 ϭC 1 0 /␦ 1 and C 2 ϭC 2 0 /␦ 2 , then the evolution operator corresponding to F kϩ1 iterations at the new point will coincide with the evolution operator for F k iterations at the old point. Hence, the type of dynamics ͑torus, chaos, SNA͒ should be the same at both points and differ only by the characteristic time scale: It is larger at the second point by a factor F kϩ1 /F k , which tends to Ϫ1 as k→ϱ. According to this, all quantitative characteristics of both regimes can easily be expressed one via the other. For example, the Lyapunov exponents are connected as
It is worth stressing that all the scaling relations are asymptotic, i.e., they are more precise when we are closer to the critical point.
To demonstrate the scaling numerically, it would be convenient to define an appropriate local coordinate system ͑scaling coordinates͒ near the critical point in such a way that the scaling transformation described above would correspond simply to the simultaneous scale change along the coordinate axes by factors ␦ 1 and ␦ 2 , respectively. Unfortunately, we do not know explicit expressions for C 1 ,C 2 via ⑀ and b, so the problem has to be resolved numerically. Let us place the origin of the desirable coordinate system (c 1 ,c 2 ) at the critical point and note, first, that one coordinate axis, corresponding to the larger scaling factor ␦ 1 , may be directed almost arbitrarily. A shift along this direction has to contribute to the coefficient C 1 in Eq. ͑24͒; therefore, the only condition is that it must be transverse to a curve on the parameter plane given by the equation C 1 (⑀,b)ϭ0. In contrast to FIG. 8 . The Fourier spectrum ͉A()͉ 2 of the time series x n generated by the quadratic map at the TCT critical point: ͑a͒ linear scale for the frequency and logarithmic scale for the amplitude; ͑b͒ double logarithmic scale; ͑c͒ the Fourier spectrum of the periodic function x(y) describing the critical torus.
this, the second coordinate must be defined carefully, because the contribution to the first eigenvector should vanish along the coordinate axis. Thus, the line defined by the equation C 1 (⑀,b)ϭ0 has to be a coordinate curve along which the value of c 2 is varied, and on which c 1 ϭ0. One may try to search for an explicit expression of this coordinate curve via Taylor expansion in the form
This expansion may be cut if we take into account the con- In the spirit of the above discussion, we define the scaling coordinates near the TCT critical point by the following ansatz, appropriate for both our model maps: ⑀ϭ⑀ c ϩc 2 , bϭb c ϩc 1 ϩAc 2 ϩBc 2 2 . ͑34͒
The coefficient A was defined from the ratio of derivatives at the critical point; cf. Eq. ͑27͒. The coefficient B may be obtained in the same manner from more elaborate computations involving the second derivatives. From our calculations it was found that for the quadratic map Apparently, the coordinate curve c 1 ϭ0 coincides with the bifurcation curve of smooth tori collision. So the coefficient A is related to the slope of the bifurcation curve at the TCT point in the original coordinates (⑀,b), while B is related to its curvature. In Figs. 9 and 10 we demonstrate the scaling of the parameter plane near the TCT critical point. As indicator of the dynamical regimes the Lyapunov exponent is used. In the original parameter plane (⑀,b) we select a small fragment near the TCT critical point with the borders going along the coordinate lines of the scaling coordinate system. The next plots show details of this fragment under subsequent magnification by factors ␦ 1 and ␦ 2 along the respective axes of the scaling coordinates. For each next diagram we change the FIG. 9 . A demonstration of the scaling properties on the plane of the parameters near the TCT critical point. We plot the Lyapunov exponent for the circle map using a gray scale. For clarity of presentation, only the region of negative exponents is resolved. The upper panel shows the Lyapunov exponents in the original b,⑀ coordinates. The left lower panel shows the transformation to the scale coordinates ͑34͒, and the middle and the right lower panels show successive magnifications: for each subsequent picture the horizontal scale is scaled by the factor ␦ 1 ϭ3.65, and the vertical scale is scaled by the factor ␦ 2 ϭ1.81. The magnitudes of the Lyapunov exponent are coded by the gray scale, from light ͑positive values͒ to dark ͑negative values͒. The coding rule from picture to picture is redefined according to Eq. ͑32͒.
rule of the gray scale coding in accordance with the rule of renormalization for the Lyapunov exponent ͑32͒. A nice coincidence of the plots observed at subsequent stages of magnification proves the scaling.
VI. CONCLUSION
In this paper we have reported on a type of critical behavior at the border between regular and complex dynamics. This critical behavior is associated with a point in the parameter plane of quasiperiodically forced systems, where the torus-collision bifurcation line terminates; we call it the TCT critical point. In particular, we have found a critical point of such type in the quasiperiodically forced supercritical circle map and quadratic map.
The dynamics of the circle map near this point includes all relevant regimes: torus, chaos, and strange nonchaotic attractor. Two different types of transition to chaos meet here, one from a torus to intermittent chaos via a smooth tori collision, and another from torus via fractal tori collision to SNA and chaos. For the quadratic map the ''zoo'' of regimes is not so rich, because the intermittent and chaotic regimes do not exist due to escape of trajectories to infinity. However, from the point of view of the dynamics at the critical point, this map belongs to the same universality class.
We have found the precise location of the TCT critical point for both model maps. To investigate the dynamics at the critical point we have adopted the RG approach appropriate for the golden-mean frequency of the external force; it is similar to that developed earlier for the torus-doubling terminal point ͓13͔. We have demonstrated that properly renormalized functions describing the evolution operators over the Fibonacci numbers of iterations converge to a fixedpoint solution of the RG equation, while for the TDT point it was a period-3 cycle. As follows from the RG analysis, the attractor at the TCT point ͑the critical torus͒ is represented by a fractal-like closed invariant curve, having weak singularities at a dense set of points.
The formulation of the linearized RG equation for the perturbations of the fixed-point evolution operator allowed us to derive the scaling properties of the vicinity of the critical point in the parameter plane. These scaling properties were checked in computer simulations, demonstrating good agreement with the RG results.
It may be conjectured that the universality class associated with the TCT critical point will contain not only onedimensional maps, but also higher-dimensional systems. It would be of interest to observe this type of universal behavior in experiments similar to that performed for the observation of the TDT critical behavior ͓20͔. However, at the moment it is not yet clear how the present analysis can be generalized to invertible maps. Indeed, in our procedure of determining the critical behavior the presence of the quadratic extremum plays a crucial role. However, it does not exist, e.g., for the forced subcritical (KϽ1) circle map, where smooth and fractal tori collisions can also be observed. This problem will be the subject of future research.
